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Abstract
This paper addresses the discharge characteristics of a multicell lithium-
ion battery with nonuniform cells. By using a multicell battery with two
dierent types of cell, we experimentally investigate the relationship between
discharge capacity and battery topology. In the series connection of nonuni-
form cells, the total capacity of the battery is governed by a cell with the
smallest capacity. In the parallel connection, the total capacity becomes the
sum of cells in parallel. In a multicell battery with the series-parallel connec-
tion, the discharge capacity depends on its congurations such as connection
and number of nonuniform cells. Also, we derive a mathematical model
for discharge characteristics of the multicell battery based on the equivalent
circuit model of an individual cell. For a multicell battery with a general
conguration, the discharge capacity is successfully evaluated by numerical
simulations of the mathematical model.
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1. Introduction
Multicell lithium-ion battery is a system of energy storage that consists of
multiple lithium-ion cells connected in series and parallel. Due to its high en-
ergy capacity, it is used in various applications such as electric vehicles and
embedded systems [1, 2, 3, 4]. A multicell battery is initially synthesized
using cells with a uniform characteristic [3, 4]. However, due to the repeti-
tive charge / discharge operations, the initial uniformity of cell characteristics
gradually breaks down. It is widely recognized that such nonuniform char-
acteristics deteriorate the performance of the battery and cause a problem
on safety and reliability [2, 4, 5]. In order to avoid the nonuniform char-
acteristics, understanding the inuence of nonuniform characteristics on the
performance is of basic importance. This leads to design and management
of high-condence multicell batteries [6, 7, 8, 9].
Recently, researchers have focused on the discharge characteristics of
multicell batteries with nonuniform cells. An eect of low-capacity cell on
the battery performance was mentioned for the design of management sys-
tems [4]. A circuit-based model was derived to estimate the distribution
of discharge currents in a general multicell battery [10, 11]. An iterative
calculation-based method was also proposed for simulating discharge behav-
iors [12].
The purpose of this paper is to study the discharge characteristics of a
multicell lithium-ion battery with nonuniform cells. As shown in [11], the
discharge characteristics become complicated due to current eect, recov-
ery eect, temperature eect, aging eect, and their interactions. To the
best of our knowledge, no experimental analysis of the discharge character-
istics in terms of nonuniform cells has been reported. Here, from a practi-
cal viewpoint, it is important to clarify the relationship between discharge
characteristics and battery congurations such as connection and number of
nonuniform cells. The multicell battery studied in this paper includes two
dierent types of cell: one has large internal resistance and small capacity,
and the other has small internal resistance and large capacity. By using a
battery with one former cell and many latter cells, we experimentally in-
vestigate the relationship between discharge capacity and battery topology.
The topology implies three distinguishable connections: series, parallel, and
series-parallel connections. Also, we derive a mathematical model for evalu-
ating the discharge capacity of a multicell battery. The eectiveness of the
derived model is demonstrated with experiments and numerical simulations
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of a battery with a general conguration.
The rest of this paper is organized as follows. Section 2 describes basic
concepts of multicell battery. The experimental setup and procedure used
in this paper are described in Section 3. Section 4 experimentally studies
the discharge characteristics of a multicell battery in the series, parallel, and
series-parallel connections. Section 5 analyzes a dependence of the battery
congurations on the discharge capacity in the series-parallel connection by
using experiments and numerical simulations. Section 6 is the conclusion of
this paper with a brief summary and remarks.
2. Basic Concepts of Multicell Battery
Here, basic information about connections and characteristics of existing
multicell batteries is introduced. There exist three distinguishable connec-
tions in a multicell battery, which we refer to as (i) series, (ii) parallel, and
(iii) series-parallel connections [3, 4]. Series-parallel connection is further
classied according to the existence of cross coupling: see Section 4.3 and
Fig. 6. In this paper, NS denotes the integer number of cells connected in
series and NP the integer number of cells in parallel. Also, (NS; NP) denotes
the combination of number of cells in series and in parallel. A commercial
multicell battery possesses a mixture of the three connections. From graph
theory [13], every series-parallel network is aggregated as either series or
parallel network. This suggests that arbitrary connection is aggregated as
either basic series connection or parallel connection [11, 12]. On the basis of
this fact, in this paper we dene the basic series and parallel connections as
(NS; NP) = (2; 1) and (NS; NP) = (1; 2). Also, a multicell battery is generally
synthesized using cells with a uniform characteristic. In this uniform case,
the discharge characteristics on the series-parallel connection are explained
in terms of the basic series and parallel connections [11, 12]. On the other
hand, in the case of nonuniform cells, no explanation has been reported in
terms of basic connections.
3. Experimental System and Procedure
This paper studies the multicell battery in which only one cell is dierent
from the others. In Section 4, based on the idea of aggregation mentioned
above, we experimentally analyze the discharge characteristics of the series
and parallel connections with two cells shown in Fig. 1. Then, the discharge
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characteristics are analyzed in the case of series-parallel connection denoted
as (NS; NP) = (2; 2).
The experimental system and procedure used in this paper are described
below. Fig. 2 shows the overview of the experimental system. In order to
uniform the initial conditions, individual cells were rst charged to their full
capacities under the conditions of constant current and constant voltage.
Every cell was charged until its open-circuit voltage reached 4.15V10mV.
Then, the multicell battery with the full-charged cells was connected to the
electronic load (TEXIO, LW151-151D) and was discharged until the termi-
nal voltage of a cell reached its cut-o voltage of 2.5V10mV. During the
discharge operation, the electronic load was operated under the constant re-
sistance at 4.8
 per a cell. The terminal voltage and current of every cell
were measured and recorded using the data loggers (KEYENCE, NR-500).
The current was measured with the current sensing resistors at 5m
 (Wel-
wyn Components, OAR-3). Then, the discharge capacity was calculated by
numerically integrating the measured current during the period of discharge
operation. All experiments in this paper were conducted at room tempera-
ture. Ambient temperature for the experiments is presented in each caption
of gures.
Two types of cylindrical cells, which were ICR (BYD, ICR18650) and
NCR (Panasonic, NCR18650), were used in the experiments. The ICR cell
was used as the one dierent cell. The rated characteristics of ICR and
NCR are summarized in Tab. 1. The nominal discharge capacity of ICR
is 2350mAh and is smaller than the nominal capacity (2900mAh) of NCR.
Fig. 3 shows the measured discharge voltage and internal resistance for ICR
and NCR. The internal resistance was measured using the i-R drop between
terminal voltage and open-circuit voltage [3]. In Fig. 3, the terminal voltage
of ICR is lower than NCR, because of the large internal resistance and the
low open-circuit voltage of ICR.
4. Experiments
This section experimentally investigates the discharge characteristics in
the basic connections of nonuniform cells. Here, the discharge characteristics
in the series-parallel connection are evaluated in terms of the basic series and
parallel connections. In this paper, A + B denotes the series connection of
cells A and B, and A k B the parallel connection of cells A and B, respectively.
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Also, QS(A) denotes the discharge capacity of cell A in the case of a single
operation.
4.1. Series Connection
First, we experimentally investigate the discharge characteristics of two
cells in series. As shown in Fig. 1(a), one ICR (I1, 2326mAh) and one
NCR (N1, 2839mAh) were connected in series and discharged to a load of
9:6
 (= 4:8
  2). Tab. 2 summarizes the measured discharge capacity,
and Fig. 4 shows the measured discharge voltage and current of each cell.
Discharge capacity, voltage, and current are also shown in the case of a single
operation. In the series connection, the current of each cell is common as
shown in Fig. 4(b). As a result, the terminal voltage of I1 reaches its cut-
o voltage earlier than N1: see Fig. 4(a). Here, the discharge capacity of
the battery is 2303mAh and is close to QS(I1). In this case, N1 has nonzero
amount of charge that corresponds to QS(N1) QS(I1) at the end of discharge
operation. Thus, the total capacity of the battery is determined by the cell
with the small capacity in the series connection.
4.2. Parallel Connection
Next, the discharge characteristics of two cells in parallel are experimen-
tally investigated. I1 and another NCR, denoted as N2 with 2820mAh, were
connected in parallel and discharged to a load of 2:4
 (= 4:8
=2). The
results are shown in Tab. 3 and Fig. 5. In contrast to the series connection,
the terminal voltage of each cell is common as shown in Fig. 5(a). During
the discharge operation, each cell discharges from an initial voltage to its
cut-o voltage. As a result, the discharge capacities of I1 and N2 almost
correspond to QS(I1) and QS(N2), respectively: see Tab. 3. Thus, in the
parallel connection of two cells with nonuniform characteristics, the total ca-
pacity of the battery becomes the sum of individual cells. In this connection,
the discharge current of the battery is not equally distributed to each cell as
shown in Fig. 5(b).
4.3. Series-Parallel Connection
Here, the discharge characteristics in the series-parallel connection are
investigated. The connections of four cells are shown in Fig. 6. As mentioned
in Section 2, the connections are distinguished according to the existence of
cross coupling. I1 and three NCR cells (N1, N2, N3) were connected and
discharged to a load of 4.8
.
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4.3.1. With Cross Coupling
First, we present the experimental results for multicell battery with cross
coupling. Tab. 4 summarizes the measured discharge capacity and Fig. 7
shows the measured discharge voltage and current of each cell. In Tab. 4,
the discharge capacities of I1 and N2 correspond to QS(I1) and QS(N2), re-
spectively. The discharge capacities of N1 and N3 are around 2550mAh. The
capacities are smaller than QS(N1) (= QS(N3)) and almost half of the sum
QS(I1) + QS(N2). The total discharge capacity of the battery is 5121mAh.
These results imply that the total discharge capacity is restricted by I1 k N2.
This is consistent with the results on the series connection in Section 4.1.
The connection of cells in Fig. 6(a) is aggregated as the series connection of
I1 k N2 and N1 k N3. From the results on the series connection, the dis-
charge capacity of the battery is restricted by I1 k N2. Then, from the results
on the parallel connection, the discharge capacity is calculated as the sum
QS(I1) +QS(N2). The sum is almost equal to the experimentally estimated
capacity. The distribution of currents in I1 and N2 on Fig. 7(b) is almost the
same as in the case of the parallel connection of I1 and N2 in Fig. 5(b). Thus,
the discharge characteristics of the battery with cross coupling are evaluated
in terms of the basic connections.
4.3.2. Without Cross Coupling
Next, the experimental results on the case of no cross coupling are pre-
sented in Tab. 5 and Fig. 8. In Fig. 8(a), when I1 reaches its cut-o voltage,
the discharge capacity of I1 becomes 2314mAh and corresponds to QS(I1).
Then, the discharge capacity of N1 is restricted by I1 and becomes 2303mAh.
The discharge capacities of N2 and N3 are around 2700mAh and smaller than
QS(N2)(= QS(N3)). The total discharge capacity of the battery is 5009mAh.
By the same manner as the cross coupling, the series-parallel connection
in Fig. 6(b) is aggregated as the parallel connection of I1+N1 and N2+N3.
However, any combination of the results on the basic series and parallel
connections does not lead to the experimentally estimated capacity. Here,
the sum of terminal voltages of cells connected in series is common for each
string of cells. Therefore, the terminal voltages of the uniform cells N2 and
N3 are determined by the number NS of cells in series and correspond to
the half of the total voltage in the experiment. The terminal voltage of N2
(or N3) does not reach its cut-o voltage, while the terminal voltage of I1
reaches its cut-o voltage. In this way, the discharge capacity of N2 (or N3)
does not reach QS(N2) (or QS(N3)). Since the evaluation in the basic series
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connection is based on the discharge capacity of a single operation, it does
not explain the experimental result in the case of no cross coupling. This
conclusion suggests that the discharge capacity of the battery depends on its
conguration and the terminal voltage of every cell.
5. Numerical Simulations
This section describes a mathematical model for the evaluation of dis-
charge capacity in the series-parallel connection. Here we investigate a de-
pendence of the battery congurations on the discharge capacity of the gen-
eral multicell battery in Fig. 9. The battery is synthesized with one ICR cell
and many NCR cells.
5.1. Mathematical Model
In Section 4.3.2, it is experimentally observed that the terminal voltage
of each cell governs the discharge capacity of the battery. Based on the
experimental observation, we can adopt the circuit-based cell model reported
in [14, 15] for analysis of the multicell battery. The cell model consists of a
controlled voltage source and a constant resistance, denoted as r. The open-
circuit voltage e(t) and terminal voltage v(t) are represented by the following
equations:













v(t) = e(t)  ri(t); (2)
where E0 is the initial voltage, K the voltage drop caused by polarization,
Q0 the initial capacity, and i(t) the discharge current. The constants A
and B are responsible for the initial voltage drop. The parameters for ICR
and NCR are presented in Tab. 6. They were obtained by the method of
least squares based on the experimental results on discharge characteristics




the circuit-based cell model is re-written as
e(q) = E0   KQ0









The variable q(t) provides the discharge capacity by taking t as a nal time
of the operation, and thus the above circuit-based model is based on the
observation in which the terminal and open-circuit voltages of a cell govern
its discharge capacity.
For the current modeling, we use the following two properties based on
the experimental results.
P1 The current of a battery is equally distributed to every parallel connec-
tion with uniform cells.
P2 The terminal voltage of every cell is common in any series connection
with uniform cells.
In the experimental results on the series-parallel connection with cross cou-
pling, the current of the battery is equally distributed to uniform cells N1
and N3 as shown in Fig. 7(b). On the other hand, in the series-parallel
connection without cross coupling, the terminal voltages of uniform cells N2
and N3 are common as in Fig. 8(a). These properties are general because
they are based on the standard Kirchho's laws for an electric circuit with
identical cells.
With the circuit-based cell model and the above two properties, we derive
a mathematical model for discharge characteristics of the multicell battery
in Fig. 9. Now, all cells in the battery are classied into three types of
cell A, B, and C as shown in Fig. 10. The classication is based on the
behavior of terminal voltage of cells. Because the current of every cell is
common in series connection and the sum of terminal voltages is common in
the parallel connection, the relationship between terminal voltages for each
string is described as
eA   i1rA + (NS   1)(eB   i1rB) NS(eC   i2rC) = 0; (4)
where eA, eB, and eC are the open-circuit voltage of cell A, B, and C. Also,
rA, rB, and rC are the internal resistance. The variable i1 is the current of
cell A and B, while i2 is the current of cell C. By considering the load with
a constant resistance RL, the following equations are obtained:
i1 + (NP   1)i2 = iL; (5)
NS(eC   i2rC)  iLRL = 0; (6)
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where iL is the load current. The matrix formulation of Eqs. (4), (5), and
(6) is given as
24 1 NS   1  NS  rA   (NS   1)rB NSrC 00 0 0 1 NP   1  1














In a normal setting, the above coecient matrix, denoted as M = [M1 M2]
where Mi 2 R33, is column full-rank, and the sub matrix M2 is regular.
From these, the following linear relation of discharge currents and open-
circuit voltages is obtained:24 i1i2
iL









The elements Gij of the above matrix are presented in Appendix. Now, based
on Eq. (8), the three models for the single cells A, B, and C are combined.
With the two charge variables q1 and q2 dened as
R t
0
ij()d (j = 1; 2), the
models are given as
eA(q1) = E0;ICR   KICRQ0;ICR
Q0;ICR   q1 + AICR exp ( BICRq1) ; (9)
eB(q1) = E0;NCR   KNCRQ0;NCR
Q0;NCR   q1 + ANCR exp ( BNCRq1) ; (10)
eC(q2) = E0;NCR   KNCRQ0;NCR
Q0;NCR   q2 + ANCR exp ( BNCRq2) ; (11)
where the sux ICR (or NCR) represents the parameters for the single cell
ICR (or NCR). Since each current variable is represented as a superposition
of the three voltage variables (see Eq. (8)), the following set of dierential
equations with the two independent variables q1 and q2 is obtained:
dq1
dt
= G11eA(q1) +G12eB(q1) +G13eC(q2);
dq2
dt
= G21eA(q1) +G22eB(q1) +G23eC(q2):
9>=>; (12)
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These equations describe the dynamics of the charges for the three cells A,
B, and C in a self-consistent manner and are hence used as a mathematical
model for discharge dynamics of the multicell battery.
5.2. Verication
Here, the derived model for the multicell battery is veried in comparison
with experiments on discharge capacity of the multicell battery. All experi-
ments were performed on the battery with one ICR cell and eleven NCR cells.
The discharge capacity of NCR was 2817mAh in average, denoted as Qmax,
and was larger than the capacity of ICR, 2133mAh, denoted as Qmin. The
battery was congured as (NS; NP) cells in series-parallel with the conditions
2 5 NS 5 6, 2 5 NP 5 6, and NS NP 5 12.
For comparison, we calculated the discharge capacity Q of a cell in the
series connection with uniform NCR cells. The total capacity of the mul-
ticell battery possibly depends on the number of cells, and the estimated
capacity Q becomes a quantitative measure of the (NS; NP) dependence of






where T is the nal time of discharge operations. Fig. 11 shows the results
on experiments and numerical simulations of the discharge capacity Q with
(NS; NP) cells. The results clearly indicate that the discharge capacity Q
depends on the number of cells. In Fig. 11, although the experimental re-
sults are slightly aected by the eect of cycle life and a slightly nonuniform
characteristic in the NCR cells, the numerical and experimental results are
almost consistent. The derived model accounts for the experimental data
on discharge capacity in the multicell battery with nonuniform cells. In this
model, the open-circuit voltage of an individual cell depends on the amount
of discharge as well as discharge capacity. Therefore, the results in Fig. 11
conrm that the discharge capacity of a multicell battery is dominantly de-
termined by the open-circuit voltages of individual cells.
In the experimental results, the minimum value of Q is 2416mAh and the
maximum value is 2700mAh. In the simulations, the minimum value of Q is
2409mAh and the maximum value is 2701mAh. In every combination of NS
and NP, Q exists in the range of Qmin < Q < Qmax. The capacity Q depends
dominantly on NS not on NP. Also, Q decreases as NS increases. The result
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on the discharge capacity Q < Qmax implies that the multicell battery does
not discharge the full of its charge. As the increase of NS, this salient feature
appears clearly and the multicell battery exhibits a small Q as shown in
Fig. 11. For a suciently large NS, from Eq. (4) the eect of the ICR cell
A on the battery is negligible, and the battery is regarded as the two NCR
cells B and C in parallel. Because B and C have the same characteristics,
they will behave in a common manner at this extreme situation. Here, from
the experimental result in Section 4.1, the discharge capacity of the string
containing A is determined by a cell with the smallest capacity, that is, A
with Qmin. This is why as the increase of NS, the value of Q decreases and
approaches to Qmin. On the other hand, the result on Q > Qmin implies that
the discharge capacity of a multicell battery is not necessarily restricted by
a cell with the smallest capacity. As discussed above, for the innite NS of
cells, the single ICR cell governs the performance of the battery. On the other
hand, in a nite NS, the eect of the ICR cell is possibly weakened by the
other uniform NCR cells. Thus, we show such a nite-number eect governs
the performance of the battery with nonuniform cells. From the experimental
result in Section 4.3.2, the nite-number eect is partly captured by the
terminal or open-circuit voltage of every cell. The model derived in this
section is based on the open-circuit voltage and is therefore successful for
reproducing the nite-number eect observed in the experimental results of
Fig. 11.
6. Concluding Remarks
This paper investigated the discharge characteristics of a multicell bat-
tery with nonuniform cells. The analysis reported in this paper reveals the
relationship between discharge capacity and topology of the multicell bat-
tery. In the series connection of nonuniform cells, the total capacity of the
battery is governed by a cell with the smallest capacity. In the parallel con-
nection, the total capacity becomes the sum of individual cells in parallel.
In the series-parallel connection of nonuniform cells, the discharge capacity
depends on the congurations of the battery. For a multicell battery with
a general conguration, the evaluation of discharge capacity is enabled by
numerical simulations of the mathematical model which is newly derived in
this paper.
Here we provide several remarks related to generalization of the experi-
mental results described above. The experimental results on the series and
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parallel connections are obtained for the multicell battery which consists of
less than two cells. In the case of multiple cells in the series connection, the
current of every cell is common in the same manner as the two cells. In
the parallel connection of multiple cells, the terminal voltage of every cell
is common. Therefore, the discharge characteristics on the series and par-
allel connections are valid in a multicell battery with more than two cells.
The results obtained in this paper lead to a method for evaluating discharge
characteristics of multicell batteries with arbitrary congurations.
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Appendix: Elements of the Matrix in Eq. (8)
G11 =






































 := f rA   rB(NS   1)gf RL(NP   1)  rCNSg+RLrCNS: (15)
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Table 1: Rated characteristics of two tested cylindrical cells.
ICR18650 NCR18650
Nominal Capacity 2350mAh 2900mAh
Nominal Voltage 3.7V 3.6V
Cut-o Voltage 2.5V 2.5V
Table 2: Discharge capacities of two cells in series connection at ambient temperature of
28.3 C. The symbol y denotes the value of discharge capacity under the single operation.
Discharge Capacity / mAh
I1 2307 (2326y)
N1 2299 (2839y)
I1 + N1 2303
Table 3: Discharge capacities of two cells in parallel connection at ambient temperature
of 28.5 C.
Discharge Capacity / mAh
I1 2301 (2326y)
N2 2833 (2820y)
I1 k N1 5134
Table 4: Discharge capacities of four cells in series-parallel connection with cross coupling
at ambient temperature of 28.6 C.







Table 5: Discharge capacities of four cells in series-parallel connection without cross cou-
pling at ambient temperature of 29.1 C.

















(a) series connection (b) parallel connection
Figure 1: Basic series and parallel connections of multicell battery with two dierent cells.




































Figure 3: Discharge voltage and internal resistance of ICR and NCR at ambient temper-
















































Figure 4: Discharge voltage and current of I1 and N1 in series connection at ambient

















































Figure 5: Discharge voltage and current of I1 and N2 in parallel connection at ambient
temperature of 28.5 C.
(a) with cross coupling (b) without cross coupling





































Figure 7: Discharge voltage and current of four cells in series-parallel connection with





































Figure 8: Discharge voltage and current of four cells in series-parallel connection without
cross coupling at ambient temperature of 29.1 C.
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Figure 9: Conguration of multicell battery with nonuniform cells. The battery includes
one ICR cell and many NCR cells.
Figure 10: Classication of cells in the multicell battery. All of the cells are classied into




Figure 11: Discharge capacity Q for the multicell battery with (NS; NP) cells in the series-
parallel connection.
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